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Asymmetric Body Spinning Motion with Energy Dissipation
and Constant Body-Fixed Torques

Rafael Livneh* and Bong Wie'
Arizona State University, Tempe, Arizona 85287-6106

The spinning motion of an asymmetric body under the influence of both energy dissipation and constant body-
fixed torques is investigated using a generic semirigid model with a spherical slug surrounded by a viscous layer.
The study objective was to achieve a more fundamental understanding of the general spinning motion of a semirigid
spacecraft during a typical spin-up maneuver, a flat-spin transition maneuver; and/or a flat-spin recovery maneuver.
A set of nondimensional equations of motion is derived for the stability analysis of equilibrium points. In particular,
three-dimensional phase-space trajectories are studied for three different cases of constant body-fixed torques
along the major, intermediate, or minor axis. For these cases with energy dissipation, some new analytical as well
as computer simulation results are discussed in terms of equilibrium manifolds, separatrix surfaces, periodic or

nonperiodic solutions, etc.

Introduction

OR a torque-free semirigid body with internal energy dissi-

pation, the kinetic energy decreases and the energy ellipsoid
becomes smaller with time. This results in an open polhode path
that spirals outward from the minor axis, crosses the separatrix,
and approachesthe major axis. Consequently,a spacecraft spinning
about its minor axis in the presence of energy dissipation is said
to be unstable; i.e., the spacecraft will eventually reorient and spin
about its major axis with either a positive or negative spin rate. A
classicexample of the minor-axisinstability phenomenonis the first
U.S. satellite, Explorer I, launched in 1958.

Although a spacecraft spinning about its minor axis is unstable
in the presence of internal energy dissipation, spacecraft are often
required to spin about their minor axis for several reasons. Fairing
constraints of most launch vehicles require that the minor axis of
the payload spacecraft be aligned with the longitudinal axis of the
launch vehicles. Furthermore, most launch vehicles spin about their
longitudinal axis before payload separation, resulting in a minor-
axis spin of the spacecraft after separation.

Some launch vehicles or upper stages do nothave spin-upcapabil-
ity for payload spacecraft and spin-up of the spacecraftis achieved
after separation. Because of initial angularrates at separation,a typ-
ical spin-up maneuver usually results in a residual nutation angle
and a spin-axisprecessionfrom the separationattitude. The spinrate
selection depends on many factors, including the pointing accuracy
requirement.

Spacecraft spinning about their minor axis are often stabilized
using an active nutation control system consisting of thrusters and
accelerometers. Spinning spacecraft are also required to spin down
or reorient their spin axis during the various phases of spacecraft
operation. For example, a spin-axisreorientationis required to align
the spacecraftspin axis in the proper direction for apogee-kick mo-
tor firing. After apogee-kickmotor burn, a spin-axisreorientationis
also required to orient the spin axis to the orbit normal. During the
operational life of spin-stabilized spacecraft, periodic spin-axis re-
orientationmaneuversare alsorequiredto compensate for the effects
of external disturbancetorques, primarily caused by solar pressures.

One of the simplest rotational maneuvers is the reorientation of
the spin axis of a spacecraft using internal energy dissipation. A
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semirigid spacecraft with internal energy dissipation is stable only
when spinning about its major axis. A spacecraft spinning about
its minor axis in the presence of energy dissipation is unstable;
i.e., the spacecraft will eventually reorient to spin about its major
axis. Such a passive reorientation maneuver is called a flat-spin
transition maneuver. The orientationof the spacecraftrelative to the
inertially fixed angular momentum vectorat the end of the maneuver
is, however, unpredictable;i.e., the spacecraftcan end up with either
a positive or a negative spin about the major axis.

To study such a flat-spin transition maneuver, Rahn and Barba!
considered a rigid body with a spherical fuel slug that is surrounded
by a viscous fluid layer. The passive, flat-spin transition maneu-
ver, when augmented by few thruster firings based on rate gyro
signals, can provide a predetermined, final spin polarity, however.
For example, a control logic proposed by Rahn and Barba! utilizes
angular rate sign changes to determine when a separatrix has been
crossed and when thrusters must be fired. The sizing of the thruster
firings is, however, based on estimates of the energy dissipationin
the spacecraft.

A transition from a spinning mode to a bias-momentum stabi-
lized mode of a three-axis stabilized spacecraft is often achieved
by applying a constant torque to a wheel that is initially orthogo-
nal to the spacecraft momentum vector, thus causing angular mo-
mentum transfer from the spinning spacecraft to the wheel. Such
an attitude acquisition maneuver scheme, developed in Barba and
Aubrun,? simultaneously achieves final despin of a spinning space-
craft, wheel spin-up, and a proper reorientation of the spacecraft.
A similar procedureis also applicable to the recovery of dual-spin-
stabilized or spinning spacecraft, which is known as the flat-spin
recovery maneuver.’

In this paper we will study a generic model of a spinning, asym-
metric spacecraft under the influence of both energy dissipation
and constant body-fixed torques. The purpose is to provide a more
fundamental understanding of the spinning motion of a semirigid
spacecraft during various rotational maneuvers, such as a typical
spin-up maneuver, a flat-spin transition maneuver with spin polar-
ity control,or a flat-spin recovery maneuverusing spin-up thrusters.

The main results of this paper can be summarized as follows: 1)
for constant torque about the major axis, we have a typical major-
axis, spin-up maneuver; 2) for torque about either the minor or
intermediate axis, the spacecraft approaches an equilibrium point
with a large angular velocity component about the major axis; 3) the
polarity of the final equilibriumpointis sensitiveto initial conditions
and also tends to convergeto the nearestbranch of the corresponding
hyperbola of equilibrium points; and 4) for a certain case with a
constant minor-axis torque, the spacecraft continues to spin about
the minor axis before convergingto an equilibriumpoint with a large
angular velocity component along the major axis.
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Similar to the case of a general rigid body under the influence
of constant body-fixed torques, described in Refs. 4 and 5, we first
derive a set of nondimensional equations of motion of a semirigid
body subjectto constantbody-fixed torques for the stability analysis
of its equilibrium points.

Equations of Motion

The effect of energy dissipation on the rotational motion of a
spacecraftsubjectto constantbody-fixed torques can be investigated
simply by considering a spacecraft model with a spherical slug of
inertia J, whichis centered aboutthe centerof mass of the spacecraft
and surrounded by a viscous layer of viscosity §. The rotational
equations of motion of such a simple semirigid spacecraftare given
by!

I, — Doy — (I, — B)w,ws — 8oy = M, (1)
(I, — Ny — (I — ) wyws — 80, = M, 2)
(s = Doy — (I, — h)wywy — §o3 = M; (3)
o+, + (§/))o) + w03 — w30, =0 4)
o+ wr + (8/1)or + w301 — wio3 =0 )
o3+ w3+ (8/))o3 + w0y — wy0; =0 6)

where I, I,, and I; are the principal moments of inertia of the main
body plus the spherical slug of inertia J; w;, w,, and w; are the an-
gular velocity vector componentsof the main body; M,, M,, and M;
are the constant body-fixed torque vector components; oy, 02, and
o3 are the angular velocity vector components of the spherical slug
relative to the main body; and the overdotdenotes the differentiation
with respect to time .
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II —-J Mi Q) — O3
o=, u = > ky =
J I, —-J o
kzzal_a3, k3zu, k = kikyks
[¢2) o3
@)
1) 1 [u
T = tVk, =—, MiE_(—1>
d JVk Vi \ ki
w; o,
X = —, ;= — i=1,2,3
T A/

where the various ¢; are the nondimensional inertia parameters,
andt, ¢, x;, y;, and yu; are the scaled quantities associated with the
time, damping, spacecraft angular velocity, angular velocity of the
sphericalslug, and the time-varyingbody-fixed torque, respectively.
Then we can rewrite Egs. (1-6) as
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For the special case of a constant body-fixed torque vector, we can
further eliminate the dependence of Egs. (1-3) on the magnitude of
the torque vectors M;, M,, and Mj; as follows. Let
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"y = \/ 2K3UY 1](3M2 1K2U3 (14)

and also define 7, ¢, u;, x;, and y; as
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Then, we can rewrite Egs. (1-6) as Eqs. (8-13) with the following
constraint:

Wity =1 (16)

Because ki, k», and k3 are defined in terms of «;, o, and a3, the
nondimensionalformulationof the rotationaldynamics of a damped
semirigid body of Egs. (8-13) depends only on four independent
parameters, namely, o, a,, a3, and ¢, compared with the case of
the dimensional formulation of Eqs. (1-6) with the five parame-
ters Iy, I,, I3, J, and §. Contrary to the complete independence of
the nondimensional formulation for the rigid system on its inertial
properties;* the nondimensional formulation of Eqgs. (8-13) for the
semirigidbody is dependentupon the system’s inertial and damping
characteristics.
The equations of motion at steady state become

=X X5 — (¢ /a)Y1 = 17
X1 X5 — (¢ /a)Ya = po (18)
—X1 Xy — (¢ /a3)Ys = ps (19)
X,Ys — XsY, + kY, =0 (20)
XoY, — X,Ys + kot Yy =0 1)
X,Y, — X, ¥, + kst Vs =0 (22)

where (X, X,, X3, Y, Y,, Y3) denotes the equilibrium point. For a
semirigid spacecraft, combining Egs. (17-22) gives

kYE+ koY) + kY] =0 (23)
which can be satisfied if and only if
Y, =Y, =Y, =0 (24)
Substituting Eq. (24) into Egs. (17-22) yields
(1, pa, p3) = (=X X5, X, X5, =X, X5) (25)

Hence we can readily conclude that both the damped and the un-
damped cases have the same equilibrium points for the angular ve-
locities with the additional condition of equilibrium points at zero
for (o1, 02, 03) in the damped case. Defining the state perturbation
terms as

Ax; =x; — X, Ay, =y =Y, i=1,2,3 (26)
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and keeping u; constant, we obtain the linearized equations of mo-
tion about the equilibrium point as
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nor, or intermediate axis are shown in Figs. 1-9. For detailed
discussion of the terminology used to describe the results, such

A-).Cl 0 X’; X2 51§ 0 0 A-xl
Ax, -X; 0 =X 0 $5¢ 0 Ax,
Ax; X, X 0 0 0 53¢ Axz on
A.).}l - O _X'; —X2 _(Sl+1){ r1X3 —r1X2 Ayl
A.).)Z X'; 0 Xl —r2X3 —(Sz-’—l){ r2X1 A)’2
Ays -X, =X, 0 r X, —r3X, —(s3+ )¢ Ay;
wherer; =1/k; ands; =1/a;, i =1, 2, 3. as separatrix surfaces and stable/unstable regions, see Ref. 4
Defining or 5. All numerical simulations were performed for the case
of (I}, I, I) = (2000, 1500, 1000) kg - m?, studied by Rahn and
by = s + 5, + 53, by=X; - X3+ X; Barba.!
b3 Er2r3Xf—r1r3X§+r1r2X§, b4ES152+S153+52S3 Major—AxisTorque
Figures 1-3 correspond to a case of constant torque about
— 2 2 2
bs = 51 Xi — 5, X3 + 5:.X5 the major axis with J =100 kg-m2, §=45.52 N-m-s, and
_ 2 2 2 2 2 2 (M, M, M5)=(25,0,0) N-m, for three different initial condi-
b = r3s3 (Xl +X3) + (X} — X5) — s (X5 + X3) tions. In Fig. 1, the trajectory starts from the lower unstable region of
_ ) ) ) the (xy, x2, x3) space. The top figure shown in Fig. 1 depictsthe two-
by = ryr3si X{ + rirssy Xy +rin X3 dimensional projections of the trajectory on the (x|, x,), (X}, X3),
) ) N o2 and (x,, x3) planes superimposed on three-dimensional separatrix
bg = s, (r2r3X1 —nrX; — r1r2X3)X1 (28) surfaces. Also shownin Fig. 1 are the (x;, x3) projectionsof both the
+s2(r2r3Xf - r1r3X§ + r1r2X§)X§
+ 53 (—r2r3Xf — r1r3X§ + rlerg)Xg
by = (rasy + r3853)81 X7 — (ris1 — 1383)8: X3 — (115, +"252)S3X§
bip = (ra — r3)risy + (r1 +r3)rasy — (1 — r2)r3s;
b =X, X,X;
we obtain the characteristicequation as
)\.6 + al)\.s + az)\.4 + 03)\.3 + 04)\.2 + as)\. + g = 0 (29)
where
01:(b1+3), 02:(2b1+b4+3){2+b2+b3
as = (b, + by + 518,83 + 1)¢3
4+ (3by + by + bs + bg + by)¢ + 2by,
(30)
ay = (3by 4 2bs + bg + bo)¢* + (byg + 6)by1 ¢ + babs

as = (by + bs)¢* 4 6b15* + (bybs + bg)¢ + 2bsby,
ag 22511(b3+§2)§

FromEq. (25) wenoticethat || =1= X, =0, |u,|=1= X, =0,
and |u3] =1= X3 =0. For these cases, b;; =0 results in az =0,
which means that the linearized system has a zero eigenvalue about
the corresponding hyperbolas of equilibrium points. A numerical
stability test seems to be the most viable option to determine the
stability of the remaining five eigenvalues of the linearized sys-
tem about these equilibria. As in the undamped case, for a general
constant torque case (i.e., ;s #0, sz #0, or uyus #0), the
damped system has no equilibrium points.

Simulation Results

Typical phase-space trajectories of a semirigid spacecraft sub-
jected to a constant body-fixed torque about either its major, mi-

-10

Fig.1 Typical trajectories for major-axis torque with o = (19, 14, 9),
¢=5un=01,0,0),x>0)=(-0.2,10,0), and 75 = 35.
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Fig. 2 Typical trajectories for major-axis torque with o = (19, 14, 9),
¢ =5, pu=(1,0,0), x(0) = (0, 1, — 20), and 75 = 50.
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Fig. 3 Typical trajectories for major-axis torque with o = (19, 14, 9),
¢=5u=01,0,0),x(0)=(0,1,—19.5), and 77 = 50.

trajectory and the two separatrix surfaces and a three-dimensional
view of the trajectory without the separatrix surfaces. (Figures 2-9
follow similar graphicalformats.) It is interesting to note that the tra-
jectory in Fig. 1 does not cross the rigid-body separatrix surfaces*>
Rather, it progresses first down and then up to the upper unstable
region, where it converges to a pure spin-up maneuver about x,,
with no angular velocity components about either x, or x;.

Simulation results with the initial condition x(0) = (0, 1, —20)
inside the negative x3 stable region are shown in Fig. 2. The trajec-
tory moves toward the separatrix surface with increased oscillatory
amplitude. It then crosses into the positive unstable region, where
it converges to a pure spin-up maneuver about x;, with no angular
velocity components about either x, or x3.

x(3)

-20 -10 0 10 20

Fig.4 Typical trajectories for minor-axis torque with o = (99, 74, 49),
¢=14.6,1.=(0,0,1),x(0) =(0,— 5,—9.9), and 77 = 100.

20T
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Fig.5 Typical trajectories for minor-axis torque with o = (99, 74, 49),
¢ =14.6, . =(0,0,1),x(0) = (0, — 5,— 10), and 7 = 100.
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Fig.6 Typical trajectories for minor-axis torque with o = (99, 74, 49), Fig. 8 Typical trajectories for intermediate-axis torque with o = (9,
¢ =14.6, 1= (0,0, 1), x(0) = (0, — 5, — 10.2), and 77 = 100. 6.5,4), ¢ = 1.675, 1 = (0, 1, 0), x(0) = (— 0.5, 0, 0), and 75 = 50.
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Fig. 9 Typical trajectories for intermediate-axis torque with o = (9,

Fig. 7 Typical trajectories for intermediate-axis torque with o = (9,
6.5,4), ¢ =2.65, 1 = (0, 1,0), x(0) = (0, 0, — 6), and 7 = 50.

6.5,4), ¢ =1.675, 1 = (0, 1, 0), x(0) = (0.5, 0, 0), and 77 = 50.
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The resultof a small perturbationin the initial conditionsof Fig. 2
asx(0) = (0, 1, —19.5) is shownin Fig. 3. As can be seen, the result-
ing trajectory moves toward the separatrix surface with an increased
oscillatory amplitude. It then crosses the separatrix surface into the
lower part of the unstableregion, where it reproduces the character-
istics of the spinning motion shown in Fig. 1; i.e., it progresses first
down and then up to the upper unstable region, where it converges
to a pure spin-up maneuver about x;.

Minor-Axis Torque

Figures 4-6 correspond to a case of constant torque about the
minoraxiswith J =20kg-m?,§ =30N-m-s,and (M, M,, M;) =
(0, 0, 25) N - m for three different initial conditions.

In Fig. 4 the trajectory starts from x(0) = (0, =5, —9.9) at the
lower unstable region, and it spins through the opening between
the two separatrix surfaces and into the upper part of the unstable
region, where a temporary spin-upin x3 and also moderate increases
in the amplitude of x; and x, are encountered. These changes are
terminated by a flare-up in the magnitude of x; and x, that coincides
with a decrease in the magnitude of the spin in x3. This behavior is
somewhat unexpectedin the sense that a positive minor-axis torque
(M3 > 0)resultsinadespinabout x;. The combinedeffectof M3 > 0
and the damping is to extract energy from the x; component of the
rotation and to transfer the energy into x; and x,. The increase in
x; and x, eventually results in crossing the right separatrix and a
temporary spin-up in x,. Clearly, the combined effect of M; >0
and the damping in the stable region is to extract energy from the
X, and x3 components and to transfer the energy to the major axis.
The motion approaches a steady-state equilibrium rotation about
x; =18 and x, = —1/18, whereas x3, oy, 0,, and o3 all converge
to zero as expected. A constant minor-axis torque M3 > 0, which
should have yielded a spin-up maneuver about the minor axis x3 for
an undamped system, results in a steady spin motion mainly about
the positive x; value with a small component x, = —1/x;.

Figure 5 shows the results of a small perturbation of —1% in the
initial condition in x3. As can be seen in Fig. 5, the motion starts
with a spin-up to a positive value of x3. This leads to a flare-up in
the magnitude of x; and x,, which coincides with a decrease in the
magnitude of x;. The main difference between the two cases is that
the decrease in the magnitude of the spin in x3 results in crossing
the left separatrix to a local spin-up in —x; until reaching a steady
state at x; = —20 and x, = 1/20.

A further 2% decrease in the value of the initial condition in x;3
leads to the spinning motion shown in Fig. 6. The angular velocity
trajectory crosses the right separatrix into the right stable region
(without passing through the upper unstable region), where it en-
counters an increase in x; until reaching a steady state at x; =7 and
X2 = —1/7

Similar to the torque-free, semirigid spacecraft case studied by
Rahn and Barba,! a semirigid spacecraft subjected to a constant
torque about its minor axis may also end up with either a positive
or a negative major-axis spin. The differences between the torque-
free and the minor-axis, constant-torque case are as follows: 1) an-
gular momentum is not conserved; 2) the motion converges to an
equilibrium point on the section of the hyperbola X, X, = —1, con-
tained in region |x;| > |x,|; and 3) the sensitivity of the trajectory
to initial conditions is manifested not only in the final sign of the
spin about the major axis but also in the characteristicsof the trajec-
tory leading to the major-axis spin because the spacecraftcan reach
the two possible major-axis spin directions following a total of four
qualitatively different trajectories.

Intermediate-Axis Torque

Figures 7-10 correspond to a case of constant torque about
the intermediate axis with J =200 kg-m?, §=30 N-m-s, and
(M, My, M3)=(0,25,0) N-m for three different initial condi-
tions.

In Fig. 7 the spinning motion starts from the region of x; > [x;].
This motion remains confined to that region and rapidly converges
to x; = 1.8 and x3 =1/1.8=0.555, whereas x,, o1, 0, and o3 all
converge to zero as expected.

Spinning motion initiated from the region of —x; > |x3| is shown
in Fig. 8. This motion remains confined to that region and rapidly

5 ?
<o ///\/@«;

Fig. 10 Typical trajectories for intermediate-axis torque with o = (9,
6.5,4), { =2.65, 1 =(0,1,0),x (0)=(0,0,—7), and 77 = 50.

convergesto x; = —1.8 and x3 = —1/1.8 = —0.555, whereas x,, o1,
07, and o3 all converge to zero.

In Fig. 9 the spinning motion is initiated from the region of
X3 < —|x;|. The trajectory moves toward the separatrix surface with
increased oscillatory amplitude about the branch of the hyperbola
x1x3 =1 contained in the region of x3 < —|x;|. It then crosses the
lower left separatrix plane into the region of —x; > |x3|, where it
oscillateswith decreasingamplitude aboutx, x; = 1 and rapidly con-
vergesto x; = —4.6 and x3 = —1/4.6 = —0.217, whereas x,, oy, 03,
and o3 all converge to zero.

Similar to the case of minor-axis torque (M3 > 0), shown in
Figs. 4-6, the spacecraft may end up with either a positive or a
negative major-axis spin rate. This fact is demonstrated in Fig. 10,
in which changing the initial conditions from x(0) = (0, 0, —6) to
x(0) = (0, 0, =7) resulted in an upper right separatrix crossing fol-
lowed by oscillation about the positive branch of x;x; =1 con-
tained in the x; > |x;| region and rapid convergence to x; =5.8
and x; =1/5.8=0.172. An interesting observation regarding the
case of intermediate-axistorque (M, > 0) is that a trajectory started
from x(0) = (0, 0, —p), where p > 0, will tend to converge to the
negative branch of X; X3 = 1. This tendency decreases, however, as
p increases. In the case of (a, &y, @3) =(9,6.5,4) and { =2.65,
shownin Figs.9 and 10, for example, the valuesof p=1,2,3,...,6
all resulted in a final spin with negative major-axis spin rate.

All cases simulated for a constantintermediate-axistorque ended
up convergingto an equilibriumpointon the sectionof the hyperbola
X, X5 =1, contained in the region of |x,| > |x3|. Trajectories with
initial conditions satisfying |x;(0)| < |x3(0)| ended up crossing the
separatrix surface once, whereas trajectories with initial conditions
satisfying |x; (0)| > |x3(0)| did not cross the separatrix surface.

Note thatall of the cases presentedin this papercorrespondonly to
a constanttorque abouta principal-axisdirection. Preliminary anal-
ysis suggests the existence of stable equilibrium points for some
cases of constant torque with components along all three principal-
axis directions. The general stability analysis of Eq. (27) depends
on the four independent parameters o, «;, a3, and ¢ of the nondi-
mensional formulation of Egs. (8-13). Because of its anticipated
complexity, this research topic is reserved for future work.

Conclusions
The spinning motion of a generic semirigid body with energy
dissipation and constant body-fixed torque about one of its princi-
pal axes was investigated. The nondimensionalequations of motion
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were derived and shown to depend on four parameters only. The
equilibrium condition of the semirigid body was shown to be iden-
tical to that of the rigid body with no relative motion between the fuel
slug and the rigid body. The characteristicequation of the linearized
system was analyticallyderived for numerical stability analysis. The
main results of extensive simulations of a general semirigid body
with constant torques about either its major, intermediate, or minor
axis are as follows: 1) constant torque about the major axis resulted
in a typical spin-up maneuver, as expected;2) for torque abouteither
the minor or the intermediate axis the spacecraftended up rotating
about an equilibrium point with a large angular velocity component
along the major axis; 3) the polarity of the final equilibrium point is
sensitive to initial conditionsand also tends to converge to the near-
estbranchof the correspondinghyperbolaof equilibriumpoints; and
4) for a certain case with a constant minor-axis torque, the space-
craft continued to spin about the minor axis before converging to

an equilibrium point with a large angular velocity componentalong
the major axis.
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